Holographic conformal anomaly with bulk scalars potential from d3 and d5
  gauged supergravity by Nojiri, Shin'ichi et al.
ar
X
iv
:h
ep
-th
/0
00
51
97
v2
  2
8 
A
ug
 2
00
0
OCHA-PP-159
NDA-FP-75
Holographic conformal anomaly with bulk scalars
potential from d3 and d5 gauged supergravity
Shin’ichi NOJIRI
1, Sergei D. ODINTSOV♠2,
Sachiko OGUSHI♦3
Department of Applied Physics
National Defence Academy, Hashirimizu Yokosuka 239, JAPAN
♠ Instituto de Fisica de la Universidad de Guanajuato, Lomas del Bosque
103, Apdo. Postal E-143, 37150 Leon,Gto., MEXICO
♦ Department of Physics, Ochanomizu University
Otsuka, Bunkyou-ku Tokyo 112, JAPAN
ABSTRACT
d3 and d5 maximally SUSY gauged supergravity is considered in the
parametrization (flow) of full scalar coset where the kinetic term for scalars
takes the standard field theory form and the bulk potential is an arbitrary
one subject to consistent parametrization. From such SG duals we calculate
d2 and d4 holographic conformal anomaly which depends on bulk scalars
potential. AdS/CFT correspondence suggests that such SG side confor-
mal anomaly should be identified with (non-perturbative) QFT conformal
anomaly (taking account of radiative corrections) for the theory living on
the boundary of AdS space. In the limit of constant bulk potential and
single scalar, d4 result reproduces the known exact conformal anomaly cor-
responding to maximally SUSY super Yang-Mills theory coupled to N = 4
conformal supergravity.
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d5 gauged supergravity which usually may be obtained as the truncation
of d10 IIB SG is very useful in AdS/CFT correspondence[1]. Classical solu-
tions of such d5 theory describe RG flows in dual QFT living on the boundary
of AdS bulk space. Many quantities of QFT dual may be found from SG
side. In particular, one of the very important characteristics of boundary
QFT is conformal anomaly. It can also be evaluated from SG side. Such
calculation from d5 gauged SG with non-trivial single scalar and constant
or non-constant bulk potential has been presented in refs.[2, 3], respectively.
(Such version of d5 SG corresponds to special parametrization where scalars
lie in one-dimensional submanifold of full scalar coset). In AdS/CFT set-up
the scalars of gauged SG play the role of coupling constants or d4 scalars for
boundary QFT. Hence, holographic conformal anomaly is very important as
this gives presumbly the only way to get the exact conformal anomaly (with
radiative corrections). Note in this respect that QFT Weyl anomaly with
radiative corrections has been found so far for simple theories, like gauge
theory with scalars, and only up to two- or three-loops. Comparison of such
bulk and boundary side results may help in the explicit identification of dual
QFT with the correspondent bulk configuration. From the other side, the
holographic trace anomaly plays the role in the construction of local surface
counterterms for gauged SG. Hence, it is also relevant in the evaluation of
gravitational stress-tensor on the boundary.
In the present letter we evaluate d2 and d4 SG side conformal anomaly
(where the bulk scalars potential is included) from d3 and d5 maximally
SUSY gauged supergravity, respectively. Our formalism is general enough
and may be applied to any gauged SG model. The only restriction is that
we need free kinetic term for scalars, not the tensor dependent from scalars
in front of ∂µφ∂
µφ term, which is usual case in d5 gauged SG. That is why
we consider the reductions from complete scalar space leading to such type
kinetic term. As such type of reductions has been studied in ref.[10, 11] we
will limit ourselves by the examples given here. Any other model of gauged
SG with standard (free) scalar kinetic term and arbitrary potential may be
well studied in our formalism.
The dilatonic gravity action which may be considered as symmetric spe-
cial flow of gauged supergravity where scalars lie in one-dimensional subman-
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ifold of full coset scalar space is given as follows:
S =
1
16πG
∫
Md+1
dd+1x
√
−Gˆ
{
Rˆ +X(φ)(∇ˆφ)2 + Y (φ)∆ˆφ+ Φ(φ) + 4λ2
}
.
(1)
Here Md+1 is a d+1 dimensional manifold (AdSd+1 space ) whose boundary
is a d dimensional manifold Md, where d-dimensional conformal field theory
(CFTd) lives and we choose Φ(0) = 0. As one can see the action contains an
arbitrary dilatonic potential.
Let us choose the metric Gˆµν on Md+1 and the metric gˆij on Md in the
following form
ds2 ≡ Gˆµνdxµdxν = l
2
4
ρ−2dρdρ+
d∑
i=1
gˆijdx
idxj , gˆij = ρ
−1gij . (2)
Here l is related with λ2 by 4λ2 = d(d− 1)/l2. If gij = ηij, the boundary of
AdS lies at ρ = 0. One should also add surface terms [4] to the above bulk
action in order to have well-defined variational principle. However, these
surface terms do not affect the calculation of Weyl anomaly via AdS/CFT
correspondence [1], so we neglect these terms here.
We follow the same method of holographic anomaly calculation from SG
side [5]. It has been generalized to the presence of a non-trivial dilaton in
refs.[2, 3]. Let us briefly describe this method below. The action (1) diverges
in general since it contains the infinite volume integration on Md+1. The
action is regularized by introducing the infrared cutoff ǫ and replacing∫
dd+1x→
∫
ddx
∫
ǫ
dρ ,
∫
Md
ddx
(
· · ·
)
→
∫
ddx
(
· · ·
)∣∣∣
ρ=ǫ
. (3)
One also expands gij and φ with respect to ρ:
gij = g(0)ij + ρg(1)ij + ρ
2g(2)ij + · · · , φ = φ(0) + ρφ(1) + ρ2φ(2) + · · · . (4)
Then the action is also expanded as a power series in ρ. The subtraction of
the terms proportional to the inverse power of ǫ does not break the invariance
under the scale transformation δgµν = 2δσgµν and δǫ = 2δσǫ. When d is even,
however, the term proportional to ln ǫ appears. This term is not invariant
under the scale transformation and the subtraction of the ln ǫ term breaks
the invariance. The variation of ln ǫ term under the scale transformation is
3
finite when ǫ→ 0 and should be canceled by the variation of the finite term
(which does not depend on ǫ) in the action since the original action (1) is
invariant under the scale transformation. Therefore ln ǫ term Sln gives the
Weyl anomaly T of the action renormalized by the subtraction of the terms
which diverge when ǫ→ 0 (d = 4)
Sln = −1
2
∫
d4x
√−gT . (5)
Details of the evaluation of holographic conformal anomaly which depends on
dilaton and bulk potential have been presented in refs.[2, 3]. Note that such
conformal anomaly is evaluated on the boundary, i.e. in UV limit (asymp-
totically AdS space). Directly, this method cannot be applied for situations
where 4d metric and dilaton on the boundary depend on the fifth, radial
coordinate. The calculation of such 4d trace anomaly with the dependence
on the radial coordinate which plays the role of scale in dual QFT has been
presented in refs.[6, 7]. A convenient way to calculate such radial dependent,
4d trace anomaly is to use the reduction of second order field equations to
first order (see refs.[8] for explicit examples). It is also interesting that for
Poincare´ invariant solutions (i.e. when dilaton on the boundary depends only
on the radial coordinate and 4d space is conformally flat with conformal fac-
tor depending only on fifth radial coordinate) the conformal anomaly is not
zero. It represents a kind of RG improved cosmological constant. However,
it can be shown that in UV limit (asymptotically AdS space) which corre-
sponds to our situation such conformal anomaly goes to zero as it should be
in QFT in flat background.
In this letter, we consider the maximally SUSY gauged supergravity where
scalars parametrise a submanifold of the full scalar coset. As a result the
bulk potential cannot be chosen arbitrarily. Hence, we consider the case that
includes N scalars and the coefficients X = −1
2
, Y = 0. The bosonic sector
of the action in this case is
S =
1
16πG
∫
Md+1
dd+1x
√
−Gˆ
{
Rˆ −
N∑
α=1
1
2
(∇ˆφα)2 + Φ(φ1, · · · , φN) + 4λ2
}
. (6)
The equations of motion are given by the variation of (6) with respect to φα
and Gµν as
0 = −
√
−Gˆ∂Φ(φ1, · · · , φN)
∂φβ
− ∂µ
(√
−GˆGˆµν∂νφβ
)
(7)
4
0 =
1
d− 1Gˆµν
(
Φ(φ) +
d(d− 1)
l2
)
+ Rˆµν −
N∑
α=1
1
2
∂µφα∂νφα. (8)
One expands φα with respect to ρ in the same way as in (4).
gij = g(0)ij+ρg(1)ij+ρ
2g(2)ij+ · · · , φα = φ(0)α+ρφ(1)α+ρ2φ(2)α+ · · · . (9)
Φ(φ1, · · · , φN) is also expanded
Φ = Φ(φ(0)) + ρ
N∑
α=1
∂Φ(φ(0))
∂φα
φ(1)α + ρ
2
{
N∑
α=1
∂Φ(φ(0))
∂φα
φ(2)α
+
1
2
N∑
α,β=1
∂2Φ(φ(0))
∂φα∂φβ
φ(1)αφ(1)β

+ · · · (10)
where Φ(φ(0)) = Φ(φ(0)1, · · · , φ(0)N).
We are interested in the maximally SUSY supergravities in D = d +
1 = 3, 5 which contain N = 128, 42 scalars respectively (the construction
of such d5 gauged supergravity has been given in refs.[9]). The maximal
supergravity parameterizes the coset E11−D/K, where En is the maximally
non-compact form of the exceptional group En, andK is its maximal compact
subgroup. The SL(N,R), the subgroup of En, can be parameterized via coset
SL(N,R)/SO(N), and we use the local SO(N) transformations in order to
diagonalize the scalar potential Φ(φ) as in [10, 11]
V = Φ+ 4λ2 =
d(d− 1)
N(N − 2)
(
(
N∑
i=1
Xi)
2 − 2(
N∑
i=1
X2i )
)
. (11)
Let us briefly describe the parametrization leading to the action of form (6)
given in ref.[10]. Above gauged supergravity case means that in D = 4, 5 we
should take N = 8, 6 respectively. N scalars Xi which are constrained by
N∏
i=1
Xi = 1 (12)
can be parameterised in terms of (N − 1) independent dilatonic scalars φα
as follows
Xi = e
− 1
2
bα
i
φα (13)
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Here bαi are the weight vectors of the fundamental representation of SL(N,R),
which satisfy
bαi b
α
j = 8δij −
8
N
,
∑
i
bαi = 0. (14)
Then the potential has minimum at Xi = 1 (N > 5) at the point φα = 0 and
V = d(d − 1). The second derivatives of the potential at this minimum are
given by
∂2Φ(φ(0))
∂φα∂φβ
=
d(d− 1)
N(N − 2)b
α
i b
β
i (15)
Here
bαi b
β
i = 4(N − 4)δαβ, (16)
For maximally SUSY gauged supergravity cases described above (i.e. in
D = 4, 5 we take N = 8, 6 respectively), we can get the second derivatives of
the potential as
∂2Φ(φ(0))
∂φα∂φβ
= 2(d− 2)δαβ. (17)
The first derivatives of the potential are restricted by the leading order term
in the equations of motion (7)
∂Φ(φ(0))
∂φα
= 0. (18)
We will use (17), (18) in the calculations later, but we also consider the case
Φ(φ(0)) = 0 which corresponds to the constant cosmological term. Then, we
introduce the parameters a and l and rewrite the conditions (17), (18) as
follows:
∂Φ(φ(0))
∂φα
= 0
∂2Φ(φ(0))
∂φα∂φβ
=
2(d− 2)a
l2
δαβ. (19)
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Here a = 1 corresponds to the condition of conformal boundary [11], and
a = 0 is the case where cosmological term is constant. In the following
calculations, we will use these conditions (19). Then, Φ is expanded in a
simple form
Φ = Φ(φ(0)) + ρ
2 a
2l2
(
N∑
α=1
2(d− 2)φ2(1)α
)
(20)
Making the explicit calculations, after some work one can get the holographic
conformal anomaly. For example, for holographic d = 2 anomaly one finds
Sln = − 1
16πG
l
2
∫
d2x
√
−g(0)
{
R(0) −
N∑
α
1
2
gij(0)∂iφ(0)α∂jφ(0)α
}
×
(
Φ(φ(0))
2
+
2
l2
)(
Φ(φ(0)) +
2
l2
)−1
. (21)
This is conformal anomaly of dual two-dimensional QFT theory living on
the boundary of (asymptotically) AdS space. It is evaluated via its three-
dimensional gauged SG dual. Note that one can consider any parametrization
of scalars in gauged three-dimensional supergravity subject to the form of
action (6). The dependence of the anomaly on the bulk scalar potential is
remarkable.
In four-dimensional case the calculation of trace anomaly is more involved.
The logarithmic term may be found as
Sln =
1
16πG
∫
d4x
√
−g(0)
[
− 1
2l
gij(0)g
kl
(0)
(
g(1)ijg(1)kl − g(1)ikg(1)jl
)
+
l
2
(
Rij(0) −
1
2
gij(0)R(0)
)
g(1)ij
+
1
l
N∑
α
φ2(1)α − l
N∑
α
1
2
φ(1)α
1√−g(0) ∂i
(√
−g(0)gij(0)∂jφ(0)α
)
− l
4
N∑
α
(
gik(0)g
jl
(0)g(1)kl −
1
2
gkl(0)g(1)klg
ij
(0)
)
∂iφ(0)α∂jφ(0)α (22)
− l
2
(
1
2
gij(0)g(2)ij −
1
4
gij(0)g
kl
(0)g(1)ikg(1)jl +
1
8
(gij(0)g(1)ij)
2
)
Φ(φ(0))
−a
l
N∑
α
φ2(1)α
]
.
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The conditions (19) are used here. The equation of motion (8) enables one
to express g(1)ij in terms of g(0)ij in the same way as in [3]
g(1)ij =
[
−R(0)ij +
N∑
α
1
2
∂iφ(0)α∂jφ(0)α
+
g(0)ij
l2
{
R(0) −
N∑
α
1
2
gij(0)∂iφ(0)α∂jφ(0)α
}
×
(
1
3
Φ(φ(0)) +
6
l2
)−1]
×
(
1
3
Φ(φ(0)) +
2
l2
)−1
. (23)
In the equation (7), the terms proportional to ρ−2 determine φ(1) as follows:
φ(1)β = − l
2
4(a− 1)
∂i√−g(0)
(√
−g(0)gij(0)∂jφ(0)β
)
. (24)
In the equation (8), the terms proportional to ρ1 with µ, ν = i, j lead to g(2)ij
g(2)ij =
[
−g(0)ij 2a
3
N∑
α
φ2(1)α −
2
l2
gkl(0)g(1)kig(1)lj +
1
l2
gkm(0) g
nl
(0)g(1)mng(1)klg(0)ij
− 2
l2
g(0)ij
(
1
3
Φ(φ(0)) +
8
l2
)−1
×
{
2
l2
gmn(0) g
kl
(0)g(1)kmg(1)ln −
8a
3
N∑
α
φ2(1)α
+
N∑
α
gkl(0)∂kφ(1)α∂lφ(0)α
}
+
N∑
α
∂iφ(1)α∂jφ(0)α
]
×
(
1
3
Φ(φ(0))
)−1
.
(25)
Therefore the anomaly term (22) is evaluated as
Sln = −1
2
∫
d4x
√−gT,
T = − 1
8πG
[
h1R
2 + h2R
ijRij + h3R
ij
N∑
α
∂iφ(0)α∂jφ(0)α
+h4R
N∑
α
gij(0)∂iφ(0)α∂jφ(0)α + h5
(
N∑
α
gij(0)∂iφ(0)α∂jφ(0)α
)2
(26)
+h6
N∑
α
N∑
β
(
gij(0)∂iφ(0)α∂jφ(0)β
)2
+ h7
N∑
α
(
∂i√−g
(√−ggij(0)∂jφ(0)α
))2 .
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Here h1, h2, · · ·, h7 are
h1 = −h4 = 4h5 = 3 (62208 + 22464 Φ + 2196 Φ
2 + 72 Φ3 + Φ4)l3
16 (6 + Φ)2 (18 + Φ)2 (24 + Φ)
(27)
h2 = −h3 = 4h6 = −3 (288 + 72 Φ + Φ
2)l3
8 (6 + Φ)2 (24 + Φ)
h7 =
((a− 1)(Φ + 24)− Φ(a− 3))l3
16(a− 1)2(Φ + 24) . (28)
Hereafter, we denote Φ(φ(0)) by Φ and do not write the index (0) for the
simplicity. We also take Φ → l2Φ as dimensionless, then we can see the
dimension of h easily, i.e. dim h = l3. Thus, we found the holographic
conformal anomaly for QFT dual from d5 gauged supergravity with some
number of scalars which parametrises the full scalar coset. Note that the
bulk scalar potential is an arbitrary. The only requirement is the form of
action (6). One can use the explicit parametrization of ref.[10] described
above or any other parametrization of d5 gauged supergravity leading to the
action of the form (6).
Let us compare now the above conformal anomaly with the already known
result for a single scalar. First of all, let us check the condition that the
gravitational terms of anomaly (26) can be written as a sum of the Gauss-
Bonnet invariant G and the square of the Weyl tensor, F . They are
G = R2 − 4RijRij +RijklRijkl (29)
F =
1
3
R2 − 2RijRij +RijklRijkl. (30)
Then R2 and RijR
ij are given by
R2 = 3G− 6F + 3RijklRijkl
RijR
ij =
1
2
G− 3
2
F +RijklR
ijkl. (31)
If one can rewrite the anomaly (26) as a sum of G and F , then h1 and h2
satisfy 3h1 + h2 = 0. This leads to the following conditon for Φ
3h1 + h2 =
3Φ2(180 + Φ2)l3
16(6 + Φ)2(18 + Φ)2(24 + Φ)
= 0, (32)
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The only solution is Φ = 0, i.e. constant bulk potential. In the limit of
Φ→ 0, we obtain
h1 → 3 · 62208l
3
16 · 62 · 182 · 24 =
l3
24
h2 → − 3 · 288l
3
8 · 62 · 24 = −
l3
8
, (33)
and
h3 → + l
3
8
, h4 → − l
3
24
h5 + h6 → − l
3
48
(34)
If we take the coefficient X = −1
2
, Y = 0 in Eq.(1), i.e. V = −1
2
, in [3], h3,
h4, h5 + h6 agree with the single scalar case [2, 3] exactly. In this limit one
gets h7 as
h7 → − l
3
16
(a = 0)
h7 → −∞ · l3 (a = 1), (35)
Hence, we find that a = 0 case in h7 agrees with the result in [3]. Thus,
we proved that our trace anomaly coincides with the one for constant bulk
potential and single scalar case, where the anomaly has the following form:
T = − l
3
8πG
[
1
8
RijR
ij − 1
24
R2
+
1
2
Rij∂iϕ∂jϕ− 1
6
Rgij∂iϕ∂jϕ
+
1
4
{
1√−g∂i
(√−ggij∂jϕ)
}2
+
1
3
(
gij∂iϕ∂jϕ
)2 . (36)
The Weyl anomaly coming from the multiplets of N = 4 supersymmetric
U(N) or SU(N) Yang-Mills coupled with N = 4 conformal supergravity was
calculated in [12]:4 If we choose
l3
16πG
=
2N2
(4π)2
, (37)
4See Eqs.(2.5) and (2.6) in [12].
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and consider the background where only gravity and the real part of the
scalar field ϕ in the N = 4 conformal supergravity multiplet are non-trivial
and other fields vanish, Eq.(36) exactly reproduces the result in [12]. Unfor-
tunately, there are no other calculations of QFT conformal anomaly exactly,
so we cannot compare our result for holografic CA when bulk potential is
arbitrary with QFT calculation. QFT calculations of conformal anomaly for
different interacting theories are known only in one- or two-loop order, but
not exactly. Super Yang-Mills theory is the only case where exact result is
avaliable.
Now one considers the case a = 1 which corresponds to the condition
[11]. It may look that in this situation the conformal anomaly contains a
divergence. Let us show how to take this limit correctly, so that divergence
does not actually appear. For the case of a = 1, the equation (24) becomes
∂i√−g(0)
(√
−g(0)gij(0)∂jφ(0)β
)
= 0. (38)
Therefore we cannot regard φ(0) as the degree of freedom on the boundary.
Instead of it, we should regard φ(1), which corresponds to dφ/dρ on the
boundary, as the independent degree of freedom. This would tell that φ(0) ∼
φ˜ ≡ dφ/dρ appears as a couping constant for some operator O in the form
of
∫
d4xφ˜O. The divergence of h7 at a = 1 should reflect this situation since
the divergence prevents us from solving φ(1) in terms of φ(0). That is, φ(1)
becomes independent degree of freedom when a = 1.
So then, in the case of a = 1, the anomaly is rewritten in terms of φ(0), φ(1)
as
T = − 1
8πG
[
h1R
2 + h2R
ijRij + h3R
ij
N∑
α
∂iφ(0)α∂jφ(0)α
+h4R
N∑
α
gij(0)∂iφ(0)α∂jφ(0)α + h5
(
N∑
α
gij(0)∂iφ(0)α∂jφ(0)α
)2
(39)
+h6
N∑
α
N∑
β
(
gij(0)∂iφ(0)α∂jφ(0)β
)2
+
h7
l2
N∑
α
φ(1)α
∂i√−g
(√−ggij(0)∂jφ(0)α
)
+
h8
l4
N∑
α
φ2(1)α
]
.
Note that from above anomaly one can get the local surface counterterms in
the same way as in refs.[3, 11]. The coefficients h1, h2, · · ·, h6 are the same
11
as for the case a 6= 1 in (26). h7 and h8 are given by
h7 =
(Φ− 48)l3
4(Φ + 24)
(40)
h8 =
2Φl3
(Φ + 24)
. (41)
For the constant dilaton case, eq.(39) becomes
T = − 1
8πG
[
h1R
2 + h2R
ijRij
]
(42)
It is interesting to note that coefficientes h1, h2 which do not depend on
number of scalars in above expression may play the role of c-function in UV
limit in the same way as in ref.[3]. From the point of view of AdS/CFT
correspondence the exponent of scalar should correspond to gauge coupling
constant. Hence, this expression represents the (exact) conformal anomaly
with radiative corrections for dual QFT. It is evaluated from the SG side. It
is a trivial task to get the anomaly for any specific bulk potential.
To summerize, we found explicitly non-perturbative conformal anomaly
from gauged SG side in the situation when scalars respect the conformal
boundary condition. It corresponds to the one of dual QFT living on the
boundary of asymptotically AdS space. Using the same technique one can
generalize the results of this work to the cases with the presence of other
background fields (antisymmetric tensors, gauge fields, ...) and calculate
conformal anomaly.
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